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We show that all the bands of the Hofstadter model on the torus have an exactly flat dispersion and
Berry curvature when a special system size is chosen. This result holds for any hopping and Chern
number. Our analysis therefore provides a simple rule for choosing a particularly advantageous
system size when designing a Hofstadter system whose size is controllable, like a qubit lattice or an
optical cavity array. The density operators projected onto the flat bands obey exactly the Girvin-
MacDonald-Platzman algebra, like for Landau levels in the continuum in the case of C = 1, or obey
its straightforward generalization in the case of C > 1. This allows a mapping between density-
density interaction Hamiltonians for particles in the Hofstatder model and in a continuum Landau
level. By using the well-known pseudopotential construction in the latter case, we obtain fractional
Chern insulator phases, the lattice counterpart of fractional quantum Hall phases, that are exact
zero-energy ground states of the Hofstadter model with certain interactions. Finally, the addition
of a harmonic trapping potential is shown to lead to an appealingly symmetric description in which
a new Hofstadter model appears in momentum space.
I. INTRODUCTION
Fractional quantum Hall (FQH) phases are the
archetype of the topological phase of matter. They are
interesting both from a fundamental perspective and as
a resource for topological quantum computation1. While
FQH phases were originally defined in terms of electrons
in a Landau level, it was shown that such phases can
also exist in the presence of a periodic potential2 and
for atoms in optical lattices3–8. More recently, a flurry
of numerical studies have shown that gapped topological
phases resembling the FQH phases can also be obtained
in a variety of lattice models with topological flat bands
(TFBs). These phases were baptized fractional Chern
insulators (FCIs) (see Refs. 9–11 and references therein).
The Hofstadter model12–14 occupies a special place in
the large set of known lattice models exhibiting TFBs.
It is one of the most studied of these models, it is very
simple to define — a square lattice with nearest-neighbor
hopping and uniform flux density — but it leads to very
rich physics, as exemplified by the Hofstadter butterfly14
giving the intricate dependence of the spectrum on the
flux density. There is also a large number of proposals
for its experimental realization with cold atoms in opti-
cal lattices15–19 and two of them were recently carried out
successfully18,19. While these two experiments have fo-
cused on single-particle physics, interesting many-body
physics in such systems, including FQH-like phases3–8
and other interesting possibilities20–24, might become re-
ality in the near future.
Several approaches were used to study FCIs (see
Refs.9–11 and references therein). Since most of our
understanding of the fractional quantum Hall effect
(FQHE) is based on its description in terms of electrons
in a Landau level in a continuum system, it is highly de-
sirable to relate the lattice problem to the continuum
one. Using a Wannier construction25, the FCIs were
shown to be topologically equivalent to their continuum
counterpart26,27 and high overlaps between the two states
were obtained28.
The difference between Landau levels (LLs) and TFBs
in lattice models lies in three different properties: the
dispersion, the Berry curvature and the form factor. The
first is the simplest one: while Landau levels are ener-
getically flat, TFBs will generally have some dispersion,
although always smaller than the gap to the next band.
Second, while the Berry curvature is flat over the Bril-
louin zone (BZ) for Landau levels, it is generally not the
case for lattice models. The Berry curvature is related
to the phase of the overlap between the periodic part
of the different Bloch wave functions inside the TFB.
Third, the form factor, which modulates the amplitude
of the projected interaction with a momentum space de-
pendent factor, is related to the norm of this overlap.
The norm of this overlap can be interpreted as a “dis-
tance” in the manifold of single-particle states obtained
inside one band after projection29. Whereas LL form
factors are given by a Laguerre polynomial multiplied by
a Gaussian, they are non generic and have to be com-
puted numerically for most lattice models. In the case of
the LLL, Haldane showed that the form factor is related
to a “Galilean” metric29, which, when assumed rotation-
ally invariant, conceals a fundamental geometric degree
of freedom of FQH fluids.
In summary, lattice models will generally differ from
Landau levels in these three ways at the same time: the
bands will have a non flat dispersion and Berry curva-
ture, and the form factor will differ from the Gaussian
function found in the LLL case. Besides, while Landau
levels all have C = 1, lattice TFBs can have |C| > 1.
The addition of interaction to these bands can lead to
new intriguing color-entangled FQH-like phases at differ-
ent filling fractions than for LLs7,30–34.
In order to study the minimal ingredients required to
obtain FQH-like phases on lattices and to make their
resemblance to their continuum counterparts explicit, it
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2would be beneficial to construct models for which one
can vary at will the “closeness” to Landau levels in one
way while keeping the two others fixed. In this work,
we provide such a model, by showing that, at the right
system size and flux density, the Hofstatder model on
the torus provides bands with exactly flat dispersion and
Berry curvature. The only difference with LLs is there-
fore the form factor of each band, i.e., the “distances”
between single-particle states inside each band.
Furthermore, for our system size, the density oper-
ators projected to any band of the Hofstadter model
obey exactly the same algebra as in the continuum —
the Girvin-MacDonald-Platzman (GMP) algebra35 (or
a simple generalization thereof in the case of C > 1).
This algebra, obeyed only approximately for generic lat-
tice models with TFBs, was successfully used to study
FCIs36–39. The GMP algebra is central to the descrip-
tion of FQH phases in terms of guiding-center degrees of
freedom only29,40,41, as opposed to the usual description
of the FQHE based on first-quantized real-space many-
body wave functions with the right vanishing properties
like the Laughlin state. These wave functions rely on the
existence of analytical properties of the continuum LL
single-particle states on the complex plane, which is a re-
sult of the interplay between both the guiding-center and
the cyclotron dynamics. As explained recently29,40,41,
this situation is somewhat unsatisfactory since (1) it is
very specific to the LLs and is not directly applicable
to TFBs other than LLs and (2) the topological order of
FQH phases is entirely contained in the guiding center de-
grees of freedom and a “guiding-center only” description
of the FQHE is therefore highly desirable. By provid-
ing a system different from LLs with projected densities
obeying exactly the GMP algebra, we believe our work
might be useful to generate progress in this direction.
Let us now summarize the main idea of the paper. Our
analysis starts from a very simple observation about the
Hofstadter model. In the Landau gauge, the momentum
in the y direction is a good quantum number and, for each
py, the dynamics is governed by a one-dimensional chain
of sites in the x direction with nearest-neighbor hopping
and a cosine potential (i.e., the Harper equation13). More
precisely, if we index the chain by x ∈ Z, this potential
is given by cos(py + 2pixnφ) where nφ = P/Q is the flux
density and P and Q are coprime. The observation is
the following: if we restrict py to take values given by
2piKy/Q where Ky ∈ Z, then increasing Ky by a certain
integer is equivalent to increasing x by the same num-
ber. This means that all the different Harper equations,
each corresponding to a different value of Ky, would be
equivalent up to a translation in x, and would therefore
have the same spectrum, leading to exactly flat bands.
The way to restrict py to these values is to use periodic
boundary conditions (PBCs) in both directions and to
take a finite-size system of Ny = Q unit cells in the y
direction, or in other words a square system of Q by Q
plaquettes. All the other results then follow from this
finite-size “additional symmetry”, Ny = Q.
We should mention that a different finite-size effect
leading to flat bands in the Hofstadter model was re-
ported previously42. This effect occurs in a different set-
ting: it appears on a thin torus with periodic boundary
conditions enforced in the diagonal directions.
While our analysis only works for strictly finite-size
systems, one can reach arbitrarily large systems at the
expense of choosing a large Q (which does not necessar-
ily mean vanishing flux density since one can also choose
a large P ). At any rate, finite-size systems are interest-
ing in their own right, since there were several proposals
for the realization of the Hofstadter model with qubit
lattices43 and optical cavity arrays44. The stabilization
of FQH phases in these systems was also discussed45.
Our work is particularly suited for these systems since
they would be inherently finite-sized (one can imagine
a lattice of tens of qubits) and it would be possible to
implement periodic boundary conditions through appro-
priate wiring. Our analysis therefore provides a simple
rule for choosing a particularly advantageous system size
when designing such systems.
This work is organized as follows. In Sec. II A, we
show the exact flatness of the dispersion and the Berry
curvature for the aforementionned system size. In Sec.
II B, we take advantage of this flatness to write explicitly
the projection of a generic density-density interaction to
a given flat band of the Hofstadter model. For simplicity,
we initially focus on the case of C = 1 and of a contact
interaction projected to the lowest band. We show an
explicit link between the projected interaction and pseu-
dopotentials projected to a continuum LL. For the sake of
definiteness, we will discuss mostly the bosonic Laughlin
state as a ground state of a contact interaction projected
to the lowest Landau level (LLL), but our analysis could
easily be applied to any FQH state for which there is a
parent Hamiltonian. In Sec. III, we discuss the relation
of our analysis to three previous works: (a) the Wannier
construction for FCIs developed by Qi25, (b) the Kapit-
Mueller model46, a model that exhibits an exactly flat
band by using exponentially decaying hoppings, and (c)
the impossibility of exactly flat Chern bands with strictly
short-range hoppings shown by Chen et al.47. In Sec. IV,
we generalize our result to: (a) the case of higher Chern
numbers, (b) the case of higher bands, (c) the case of
pseudopotentials corresponding to other than point con-
tact interactions, and (d) the case of a trapping harmonic
potential. We conclude in Sec. V with a brief summary
of our results. Appendix A is referred to in Sec. III
B and gives the derivation of the continuum LLL wave
functions sampled on a lattice. Appendix B is referred
to in Sec. III B and gives the calculation of the overlaps
of these wave functions.
3II. MAIN RESULT
A. Single-particle
We study the Hofstatder model12–14: particles hopping
on a square lattice (x, y) ∈ (Z,Z) with a flux density of
−nφ = −P/Q per plaquette (P and Q are coprime). The
Hamiltonian is given by
H0 = −tx(Tˆx + Tˆ−x)− ty(Tˆy + Tˆ−y), (1)
where, in the Landau gauge,
Tˆx =
∑
x,y
|x+ 1, y〉 〈x, y| ,
Tˆy =
∑
x,y
e−i2pi
P
Qx |x, y + 1〉 〈x, y| .
(2)
We now consider the following magnetic translation
operators20,21,48–52:
Tx =
∑
x,y
e−i2pi
P
Qy |x+ 1, y〉 〈x, y| ,
Ty =
∑
x,y
|x, y + 1〉 〈x, y| .
(3)
It is easy to see that
TxTy = TyTxe
−i2pi PQ ,
TˆxTˆy = TˆyTˆxe
i2pi PQ ,
[Tµ, Tˆν ] = 0 ∀µ, ν,
[TQx , Ty] = 0.
(4)
The last equation defines a unit cell of dimension (Q, 1)
for which we will define Bloch momenta px, py.
The operators Tx,y commute with H0 and live in guid-
ing center space: they couple states with different Bloch
momenta, but within the same band. In contrast, the
operators Tˆx,y live in cyclotron space: they couple states
from different bands but with the same momentum.
They will be projected out when treating the interaction
between electrons inside one band.
Let |px, py, E〉 be an eigenstate of TQx , Ty and H0:
TQx |px, py, E〉 = e−ipx |px, py, E〉 ,
Ty |px, py, E〉 = e−ipy |px, py, E〉 ,
H0 |px, py, E〉 = E |px, py, E〉 .
(5)
Using Bloch theorem, this state can be written as
|px, py, E〉 =
∑
x,y
eipyyeipx
x
Qupx,py,E(x) |x, y〉 , (6)
where upy,n(x) = upy,n(x+Q). Now, we apply Tx on this
state:
Tx |px, py, E〉
=
∑
x,y
e−i2pinφyeipyyeipx
x−1
Q upx,py,E(x− 1) |x, y〉
= e−i
px
Q |px, py − 2pinφ, E〉 ,
(7)
where, when going from the second to the third line, we
used the fact that Tx commutes with H0.
By successive product of Tx on a state |px, py0, E〉, it is
possible to generate a set of Q degenerate states indexed
by s:
|px, py0 − 2pinφs, E〉 . (8)
We impose periodic boundary conditions (PBCs):
T
Ny
y = 1 and TQNxx = 1, where Nx(y) is the number
of unit cells in the direction x(y). This amounts to the
restriction of py =
2pi
Ny
ky and px =
2pi
Nx
kx with kx, ky ∈ Z.
Crucially, if Nx = 1 and Q is a multiple of Ny, all the
Ny different values of py that are allowed by the PBCs
are generated by successive product of Tx on |0, 0, E〉:
|Ps,E〉 ≡
∣∣∣∣0, Ps 2piNy , E
〉
= T−sx |0, 0, E〉 . (9)
Since P and Q are coprime, so are P and Ny. This means
that Ps mod Ny takes all its possible values 0 . . . Ny−1.
More precisely,
|Ky, E〉 = T−αCKyx |0, 0, E〉 (10)
where Ky = 0 . . . Ny − 1, C is a solution of the Thouless-
Kohmoto-Nightingale-den Nijs53 (TKNN) Diophantine
equation PC mod Q = 1, and α is given by
α ≡ Q
Ny
∈ Z. (11)
For each value of E, we thus obtain Ny states that are
exactly degenerate and obey the PBCs.
The spectrum for E is given by the Q solutions En of
the Harper equation13:
EnuKy,n(x) = 2 cos
[
2pi
(
Ky
Ny
+ x
P
Q
)]
uKy,n(x)
+ uKy,n(x+ 1) + uKy,n(x− 1).
(12)
We therefore obtain exactly flat bands of Ny degenerate
states each, situated at energy En, n = 1 . . . Q. We note
these states
|Ky, n〉 =
∑
x,y
e
iKy
2pi
Ny
y
u0,Ky 2piNy ,En
(x) |x, y〉
≡
∑
x,y
e
iKy
2pi
Ny
y
uKy,n(x) |x, y〉 .
(13)
These exactly flat bands can be seen in Fig. 1 for the case
of α = 1, along with an illustration of the system.
We now want to project the interaction between elec-
trons onto one of the exactly flat bands. We focus on
density-density interaction Hamiltonians:
HLat =
∑
q∈BZ
V (q)ρ˜qρ˜−q, (14)
4a)
0 5 10 15 20−4
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0
2
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b)
FIG. 1. (a) Illustration of the system discussed in this work:
a square lattice of Q by Q plaquettes with a uniform flux
density of nφ = 2piP/Q and periodic boundary conditions.
(b) Single-particle spectrum for Q = 21. All the bands are
exactly flat.
where ρ˜q is the density operator:
ρ˜q =
∑
x,y
e
i2pi(qx
x
Q+qy
y
Ny
) |x, y〉 〈x, y| (15)
and where q is summed over a BZ given by (qx, qy) with
qx = 0 . . . Q − 1 and qy = 0 . . . Ny − 1, since our sys-
tem size corresponds to a system of Q = αNy by Ny
plaquettes. We should emphasize that q belongs to an
“enlarged” Brillouin zone compared to the magnetic Bril-
louin zone of the single-particle states, |Ky〉, which, for
our system size, is given by (Kx,Ky) with Kx = 0 and
Ky = 0, . . . , Ny − 1.
Crucially, if we define ρ˜x ≡ ρ˜(1,0) and ρ˜y ≡ ρ˜(0,1), we
have
ρ˜x = T
C
y Tˆ
−C
y ,
ρ˜y = T
−αC
x Tˆ
αC
x .
(16)
This means that, for our system size, the density operator
is a product of an operator in guiding center space and
one in cyclotron space, just like for Landau levels in the
continuum in which case the density operators are given
by ρ˜q = e
iq·rˆ = eiq·Rˆeiq·ηˆ with rˆ = Rˆ + ηˆ the position
operator, Rˆ the guiding center position operator and ηˆ
the cyclotron position operator.
The projection operator onto band n lies in cyclotron
space (it is made of the Tˆ operators) and therefore com-
mutes with the T operators. We obtain
ρx,n ≡ Pnρ˜xPn = TCy PnTˆ−Cy Pn ≡ TCy dn(1, 0), (17)
where dn(1, 0) is simply a scalar depending on the peri-
odic part of the Bloch wavefunction uKy,n(x):
dn(1, 0) =
∑
x
u∗0,n(x)u0,n(x)e
i2pi xQ . (18)
Similarly, we obtain
ρy,n ≡ Pnρ˜yPn = T−αCx PnTˆαCx Pn ≡ T−αCx dn(0, 1),
(19)
where dn(0, 1) is given by
dn(0, 1) =
∑
x
u∗0,n(x)u0,n(x+ αC). (20)
From Eq. (20), we see that dn(0, 1) is given by the dis-
tance in the sense of Ref.29 between two Bloch wave func-
tions differing by one unit in the Ky direction.
We can now compute the finite system version of the
Chern number of band n, defined by32
Cn =
1
2pi
Tr Im ln[ρx,nρy,nρ
−1
x,nρ
−1
y,n]
=
1
2pi
Tr Im ln[TCy T
−αC
x T
−C
y T
αC
x ]
=
1
2pi
∑
Ky
B(Ky),
(21)
where the finite system version of the Berry curvature is
given by the phase of Wilson loops in momentum space:
B(Ky) = Im ln[〈Ky|TCy T−αCx T−Cy TαCx |Ky〉]. (22)
Using T−αCx T
−C
y = T
−C
y T
−αC
x e
i2pi PQC
2α, we find that
the Berry curvature is uniform in Ky space, B(Ky) =
αPQC
22pi, and that the Chern number is given by
Cn = Nyα
P
Q
C2 = PC2
= C mod Q,
(23)
where we used the fact that PC mod Q = 1. We find
back the well-known result that all the bands of the Hof-
stadter model have the same Chern number modulo Q.
For our system size, the discrete set of Ky points does not
allow a continuous pumping of py to resolve the modulo
Q ambiguity, and the Chern number is thus only defined
modulo Q.
The equality between the first two lines of Eq. (21)
shows that, for our system size, there is an explicit link
between the Wilson loops in real space and the ones in
momentum space: a Wilson loop of one “plaquette” in
Ky space corresponds to a Wilson loop of C
2 plaquettes
in real space.
We now turn to the projection of the density operator
for general q = (qx, qy):
ρq ≡ Pnρ˜qPn = TCqxy T−αCqyx Pn Tˆ−Cqxy TˆαCqyx Pn
≡ ρ¯q dn(qx, qy)
(24)
with
ρ¯q ≡ TCqxy T−αCqyx ei
1
2
2pi
Ny
Cqxqy ,
dn(qx, qy)1 ≡ Pn Tˆ−Cqxy TˆαCqyx Pne−i
1
2
2pi
Ny
Cqxqy ,
(25)
where the complex phase is added only as a matter of
convention and is chosen so that ρ¯q obeys the following
5algebra (we will refer to it as the C-GMP algebra since it
is the straightforward generalisation of the GMP algebra
to any Chern number C):
[ρ¯q1 , ρ¯q2 ] = ρ¯q1+q22i sin
(
−1
2
2pi
Ny
C(q1xq2y − q1yq2x)
)
≡ ρ¯q1+q22i sin
(
−1
2
2pi
Ny
C(q1 × q2)
)
.
(26)
For the sake of completeness, we give the action of
these operators in the |Ky〉 basis:
ρ¯q |Ky〉 = e−i
1
2
2pi
Ny
Cqxqye
−i 2piNy CKyqx |Ky + qy〉 . (27)
The distance is given by
dn(qx, qy) = e
−i 12 2piNy Cqxqy
∑
x
ei2pi
x
Q qx×
u∗0,n(x)u0,n(x+ αCqy)
(28)
and we have dn(−qx,−qy) = d∗n(qx, qy).
B. Projected Interaction
For the reminder of the paper, we will restrict ourselves
to the case α = 1 (i.e., Q = Ny) in order to simplify
notations, but one could easily generalize all the results
for α 6= 1. For the same reason, we will consider only the
lowest band for now and drop the n index, but we will
generalize to higher bands in Sec. IV.
We can now write the Hamiltonian projected to the
lowest band as
H¯Lat ≡ P0HLatP0 =
∑
q∈BZ
FLat(q) ρ¯qρ¯−q, (29)
where
FLat(q) = V (q)|d0(q)|2 (30)
and where the BZ is given by qx = 0, . . . , Ny−1 and qy =
0, . . . , Ny−1. This expression for the projected Hamilto-
nian neatly separates the universal, guiding-center part
— the GMP operators ρ¯q which are exactly the same as
in the continuum — from the non universal, cyclotron
part — the form factor |d0(q)|2 that depends on the spe-
cific band and hoppings and is related to the Galilean
metric of the band29. Our results are true for any hop-
ping Hamiltonian (and therefore for any hopping range),
as long as it is written in terms of Tˆx,y and their prod-
ucts (which simply amounts to requiring that the phase of
each hopping is consistent with the flux density per pla-
quette P/Q). By varying the hoppings, one can therefore
engineer the form factor |d0(q)|2 of a flat band without
changing any other properties, namely the dispersion and
the Berry curvature, which remain exactly the same as
for a Landau level.
Our results are also applicable to periodically driven
hopping Hamiltonians written in terms of Tˆx,y and their
products, like the system studied in Ref.54. These sys-
tems have also been shown to host FQH-like phases,
deemed Floquet fractional Chern insulators55.
We will now show an explicit link between the Hamil-
tonian in Eq. (29) and its equivalent for electrons in the
continuum torus. The interaction Hamiltonian of the
mth pseudopotential (which is the torus analog of the
interaction on the plane that projects to the space of
relative angular momentum m) projected to the LLL is
given by29
H¯c ≡ PLLLHLLLPLLL =
∑
q∈BZ
F
(m)
LLL(q) ρ¯qρ¯−q, (31)
where
F
(m)
LLL(q) =
∑
H
V (m)((q+H)2l2)e−
1
2 (q+H)
2l2 (32)
with V (m)((q + H)2l2) = Lm((q + H)2l2) the mth La-
guerre polynomial.
In Eq. (31), the sum is over the same Ny × Ny BZ
as in Eq. (29) and the operators ρ¯q have exactly the
same matrix elements as the ones defined in Eq. (27) if
one identifies the continuum LLL single-particle states
|Ky〉 (defined for Ky = 0, . . . , Ny − 1) with their lattice
counterpart |Ky〉. The states |Ky〉 are given by
〈x˜, y˜|Ky〉 =
∑
n∈Z
exp
[
i
2pi
Ly
(Ky + nNy)y˜
]
× exp
−
(
x˜+ l2(Ky + nNy) 2piLy
)2
2l2
 , (33)
where x˜, y˜ are the spatial coordinates on the torus and
l is the magnetic length. The torus is pierced by Ny
flux quanta and its fundamental domain is a rectangle of
dimensions Lx by Ly. We therefore have LxLy/2pil
2 =
Ny. Since there is a one-to-one correspondence between
|Ky〉 and |Ky〉, we will write both of them as |Ky〉 in the
following. It will be clear from the context whether the
lattice or the continuum state is referred to.
For the sake of clarity, we first treat the case of the
contact interaction (m = 0). In this case, the interaction
is uniform in momentum space: V (0)((q + H)2l2) = 1.
We can therefore identify F
(0)
LLL(q) with the continuum
counterpart of the lattice form factor d0(q). This form
factor, which we will call dLLL(q), is given by a periodi-
cized Gaussian:
|dLLL(q)|2 ≡ F (0)LLL(q)
=
∑
H
e−
1
2 (q+H)
2l2
=
∑
Hx,Hy∈Z
e
− 12 1Ny 2pi[τ(qx+HxNy)
2+ 1τ (qy+HyNy)
2]
(34)
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FIG. 2. Form factors in the LLL and the lattice case. The
form factor in the lattice case is given for nearest-neighbor
hopping. The system size is given by Ny = 21.
where τ = Ly/Lx.
By comparing Eqs. (29) and (31), it is clear that
we have reduced the difference between the interacting
Hofstadter model and interacting electrons in a Landau
level to a very simple thing: the difference between two
real scalar functions defined on a discrete Ny by Ny BZ:
|d0(q)|2 and |dLLL(q)|2. These two functions are plotted
in Fig. 2.
Since there is no closed analytical formula for |d0(q)|2,
it was computed numerically. The continuum form fac-
tor |dLLL(q)|2 has only one parameter τ , which makes
the Gaussian elongated in the y direction when chosen
larger than one. As explained before, |d0(q)|2 contains
the only information remaining from the cyclotron de-
grees of freedom and therefore depends on the single-
particle hoppings present in H0 (tx and ty in the case
of nearest-neighbor hopping). We find numerically that
|d0(q)|2 is very close to a Gaussian, up to lattice effects
of order 1/Q. It is x ↔ y symmetric when tx = ty, and
becomes elongated in the y direction when ty > tx.
For the sake of simplicity, we treat the x↔ y symmet-
ric case on both counts (τ = 1 and ty/tx = 1). As seen
in Fig. 2, the difference between |d0(q)|2 and |dLLL(q)|2
is small. Furthermore, in agreement with Ref.56, we find
that it decays like 1/Q:
|d0(q)|2 − |dLLL(q)|2 ∝ 1
Q
 1. (35)
As expected, the difference vanishes in the small flux
density limit Q → ∞ in which limit it was shown
analytically56 and numerically3,4 that the Hofstadter
model tends to the continuum case.
It is well known that H¯c has an exact zero-energy
ground state given by the ν = 1/2 bosonic Laughlin
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FIG. 3. Two-particle spectrum E(2) of the interaction Hamil-
tonian vs momentum sector Ky1 +Ky2 for a contact interac-
tion projected to the continuum LLL (left) and to the lowest
band of the Hofstadter model with our special system size
(right). These spectra were obtained by exact diagonaliza-
tion for Ny = 21. As indicated in the top panels, there are
two nearly degenerate levels close to E = 1 corresponding
to the 0-th pseudopotential57. The bottom panels show the
same spectrum on a logarithmic scale, revealing the differ-
ences between the LLL and the Hofstadter case (see main
text).
state58. Since, for finite Q, |d0(q)|2 and |dLLL(q)|2 are
close but strictly different, the FQH-like ground state
of the Hofstadter model with a contact interaction, also
known as the Hofstadter-Hubbard model20, will in gen-
eral be at small but finite energy, and its overlap with the
ν = 1/2 Laughlin state will be close to, but not exactly
one.
One simple way to quantify this small difference be-
tween the two models is to look at the two-particle spec-
tra. They have been shown to give valuable information
in terms of a pseudopotential analogy about the possible
FQH-like phases that appear in a given lattice model57,59.
In this analogy, each pair of nearly degenerate levels at
non zero energy E corresponds to a different pseudopo-
tential of index m with a coefficient νm = E. For exam-
ple, in the LLL case with a contact interaction, there is
only one of such pairs, corresponding to m = 0 (see left of
Fig. 3). On the contrary, in the Hofstadter case (see right
panels of Fig. 3), there are additional levels in the spec-
trum at much smaller energy, which can be interpreted as
revealing the presence of higher pseudopotentials (m > 0)
with much smaller coefficients νm. These higher pseu-
dopotentials are the reason why the overlap between the
ground state of the Hofstadter-Hubbard model and the
ν = 1/2 Laughlin state is close to, but not exactly one.
While for pseudopotentials in a LL, two-particle en-
ergy levels have exactly zero dispersion with momentum
sector Ky1+Ky2, this is not the case in general for lattice
models. This finite dispersion present in lattice models
7has been conjectured to destabilize FQH phases59. As
can be seen in Fig 3, for the Hofstadter model with our
system size, this dispersion exactly vanishes, like for Lan-
dau levels. We should also mention that the topological
center-of-mass degeneracy of the FQH states on the torus
is exact for our system size, while it is only approximate
in general for lattice systems. Based on the Tx,y op-
erators defined in Eq. (2), one can indeed construct a
center-of-mass magnetic translation operator that com-
mutes with the interaction, just like in the continuum
case.
Instead of using an on-site interaction on the lattice
and looking at the difference between H¯Lat and H¯c, one
can tune the interaction on the lattice so as to have
H¯Lat = H¯c. For the sake of clarity, we should emphasize
that this equality means that the two projected Hamil-
tonians have exactly the same matrix elements in the
occupation number basis of their respective |Ky〉 states.
Since FLat(q) = V (q)|d0(q)|2, one simply has to take
V (q) =
|dLLL(q)|2
|d0(q)|2 . (36)
This formula will obviously break down if |d0(q)|2 van-
ishes for some q. We find that |d0(Ny/2, Ny/2)|2 = 0
for nearest-neighbor hopping, but that |d0(q)|2 6= 0 for
all q as soon as next to nearest neighbor(NNN) hopping
is added. This formula can therefore be applied to the
Hofstadter model whose hopping range is at least NNN
to find the interaction on the lattice that will give, after
projection, any desired pseudopotential Hamiltonian.
We show a typical plot of this interaction in real space
V (r) in Figs. 4(a) and 4(c) for the case of the 0-th pseu-
dopotential. This interaction is a short-range peak with
a long-range small amplitude component.
There is actually a way to heavily suppress this long-
range part. Kapit and Mueller proposed a hopping
model46 for which the single-particle wave functions are
the continuum ones sampled at the lattice points and for
which they showed that the ν = 1/2 continuum Laugh-
lin state sampled at the lattice points is the exact zero-
energy ground state in the case of an on-site interac-
tion. As explained in the next section, the Kapit-Mueller
model leads to a form factor different than that of the
LLL but for which the Laughlin wave function is still the
exact ground state. If we call this form factor |ds(q)|2,
we can compute another interaction Vs(q) defined as
Vs(q) =
|ds(q)|2
|d0(q)|2 . (37)
As shown in Figs. 4(b) and 4(d), this interaction is bet-
ter behaved than V (q): the long-range oscillations are
heavily suppressed.
Finally, we should emphasize that the condition Nx =
1, Ny = Q (which corresponds to a square system of Q by
Q plaquettes) allows us to reach arbitrarily large system
sizes, at the expense of taking a large value for Q. If
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FIG. 4. Interaction potential for the Hofstadter model which
leads to a Hamiltonian with an exact zero-energy ground state
given by the ν = 1/2 continuum Laughlin ground state. The
left panels show V (r), the interaction leading to the LLL form
factor, while the right panels show Vs(r), the interaction lead-
ing to the form factor of the Kapit-Mueller model46. The
nearest neighbor hopping is 1 and the NNN hopping is 0.27.
The plots are given for Ny = 21. The on-site interaction is
normalized to 1. The second largest interaction is on the NNN
and is equal to 0.029 for V (r) and 0.027 for Vs(r).
we keep P fixed at 1, the large Q limit corresponds to
nφ → 0, in which case Landau levels are recovered.
An arbitrarily large system size can also be obtained
without having nφ tending to zero by taking the following
limit for a given C > 1:
Q,P →∞,
P/Q→ 1/C,
P C mod Q = 1.
(38)
This limit can be implemented in practice by taking
P ∈ Z and Q = PC − 1. It is easy to see that P and
Q are always coprime and that P/Q tends to 1/C when
P → ∞, as required. In this case, one obtains bands of
Chern number C with exactly flat dispersion and Berry
curvature. The Hofstadter model for flux densities close
to rational fractions 1/C has already been studied in pre-
vious work5,6,30,56. We will discuss this case in Sec. IV
A.
III. RELATION TO PREVIOUS WORK
A. Wannier construction
In a previous work, Qi showed that one can ob-
tain an interaction for any TFB in a lattice model
that leads to the same Hamiltonian as the continuum
8pseudopotentials25,60,61. This construction works as fol-
lows. The lattice single-particle basis inside one TFB
can be chosen to be the Wannier states |Ky〉, with
Ky = 0, . . . , Nφ − 1. There is then a one-to-one cor-
respondence with the single-particle basis of the LLL in
the continuum case. The lattice interaction Hamiltonian
is chosen to have the same matrix elements as the desired
projected continuum interaction Hamiltonian in the oc-
cupation number basis of the |Ky〉 states:
H¯ =
∑
Ky1+Ky2=Ky3+Ky4
VKy1,Ky2,Ky3,Ky4c
†
Ky1
c†Ky2cKy3cKy4 ,
(39)
where VKy1,Ky2,Ky3,Ky4 is the same as for the desired
continuum pseudopotential Hamiltonian. One can then
find the corresponding lattice interaction in real space
V (r1, r2, r3, r4) by replacing cKy by
∑
r ψKy (r)cr where
ψKy (r) is the Wannier wavefunction. This interaction
will in general be of the range of the magnetic length
(more precisely, its lattice counterpart), and will not be
density-density (there will be ring exchange terms). The
reason for this is that V (r1, r2, r3, r4) corresponds to the
projected interaction H¯ and not the bare interaction be-
fore projection. One could add to V any interaction
V ′ that projects to zero and still get the same desired
projected Hamiltonian. By choosing V ′ appropriately,
it should be in general possible to minimize the range
of the interaction and the ring exchange terms. Never-
theless, finding V ′ in general is a hard problem and is
model-specific.
On the contrary, our construction provides a way of
finding directly the unprojected interaction [defined in
Eq. (64)] that is only density-density and of minimal
range and that leads to a desired continuum pseudopo-
tential Hamiltonian after projection; the drawback being
that it only works for the Hofstadter model at certain
system sizes.
B. Kapit-Mueller model
In brief, we obtained exactly flat bands and Berry cur-
vature in the Hofstdter model for any hopping (including
strictly short range hopping) by choosing the right sys-
tem size for the right flux density. This special system
size also enabled us to find density-density interactions on
the lattice that lead to the exact same Hamiltonian as the
pseudopotentials in the continuum. In this section, we
will relate this result to the previous work of Kapit and
Mueller46(see also Ref.62), who showed that, with the ap-
propriate hoppings, the Hofstadter model can give rise to
an exactly flat lowest energy band whose single-particle
wave functions are the continuum LLL wave functions
sampled at the lattice points. They could then use the
same argument as in the continuum to find an exact zero-
energy eigenstate of an on-site interaction projected to
the lowest band, thereby providing a lattice equivalent of
the ν = 1/2 Laughlin state. The hoppings they use decay
exponentially with distance. The Kapit-Mueller (KM)
model works for any system size and flux density, unlike
ours, but we will show that the case Ny = Q,Nx = 1 is
still a peculiar system size; it is the only system size for
which the lattice Laughlin state is exactly the same as
the continuum one, in the sense that they have the same
many-body wave function in the occupation number ba-
sis of the single-particle states |K〉.
The continuum LLL wavefunctions on the torus are
given by
ψcK(x˜, y˜) =
∑
n∈Z
Nx−1∑
m=0
exp
[
i
2pi
Ly
(Ky +mNy + nNφ)y˜
]
×
exp
[
i2pim
Kx
Nx
]
exp
−
(
x˜+ l2(Ky +mNy + nNφ)
2pi
Ly
)2
2l2

(40)
where Kx,y = 0, . . . , Nx,y−1 and Nφ = NxNy. Note that
this equation is simply the generalization of Eq. 33 to
the case of Nx 6= 1. The lattice version of these states is
obtained by imposing P fluxes per unit cell (LxLy/2pil
2 =
PNφ). In the following, we will restrict ourselves to the
case of P = 1 for the sake of clarity. The sampling is
given by x˜ = xLx/NxQ and y˜ = yLy/Ny for a lattice of
NxQ by Ny plaquettes. The sampled wavefunctions are
derived in Appendix A and are given by
ψsK(x, y) =
∑
m∈Z
exp
[
i
2pi
Ny
Kyy
]
exp
[
i2pim
Kx
Nx
]
×
exp
[
−1
2
2pi
1
Q
(
x+
1
Ny
Q(Ky +mNy)
)2]
.
(41)
The ν = 1/2 Laughlin wavefunction has a well-known
expression in terms of theta functions58. Since it lies
only in the LLL, it can generically be written as a sum
of products of single-particle wavefunctions:
Ψc(z˜1 . . . z˜n) =
∑
K1...KN
φc(K1 . . .KN )
N∏
i=1
ψcKi(z˜i) (42)
where z˜ = x˜ + iy˜. Kapit and Mueller’s lattice many-
body wavefunction is the one obtained by replacing z˜
in the continuum Laughlin wavefunction by its lattice
equivalent z = x+ iy46. It can therefore be written as
Ψs(z1 . . . zn) =
∑
K1...KN
φc(K1 . . .KN )
N∏
i=1
ψsKi(zi) (43)
where it should be emphasized that it is the same
φc(K1 . . .KN ) as in the continuum. The difference with
the continuum is that the sampled wavefunctions ψsKy (z)
do not form in general an orthonormal basis. After a
change of basis, we obtain
Ψs(K1 . . .KN ) =
∑
K′1...K
′
N
φc(K′1 . . .K
′
N )
N∏
i=1
〈
ψsKi |ψsK′i
〉
(44)
9where
〈
ψsKi |ψsK′i
〉
=
∑
z(ψ
s
Ki
(z))∗ψsK′i(z).
These overlaps are calculated in Appendix B. From
them, we see that the sampled wavefunctions are orthog-
onal but their norm is in general K-dependent:〈
ψsKi |ψsK′i
〉
= δKi,K′iN (Ki)2. (45)
Since Ψc(K1 . . .KN ) = φ
c(K1 . . .KN ) by construction,
we obtain in this case
Ψs(K1 . . .KN ) = Ψ
c(K1 . . .KN )
N∏
i=1
N (Ki)2. (46)
Interestingly, if N (Ki) = N for all K, the two wave-
functions are equal up to an overall multiplicative con-
stant. Based on the calculation of the overlaps given in
Appendix B, we see that this is the case only when Q is
a multiple of Ny and when Nx = 1, i.e. for our special
system size.
This means that, for our system size, the continuum
and Kapit-Mueller Hamiltonians have the same zero-
energy ground state. Nevertheless, we will show that
these two Hamiltonians are (slightly) different, and there-
fore have (slightly) different excited states. We know that
the continuum Hamiltonian is given by
H¯c =
∑
q∈BZ
FLLL(q) ρ¯qρ¯−q (47)
with
FLLL(q) = |dLLL(q)|2
=
∑
H
e−
1
2 (q+H)
2l2
= e−
1
2q
2l2θ3(iqx; iNy)θ3(iqy; iNy)
(48)
where θ3(z; τ) is the theta function of the third kind,
defined as θ3(z; τ) =
∑
n exp(piin
2τ + 2piinz).
Now, since the results of Sec. II are valid for any choice
of hoppings (as long as their phases are consistent with
a uniform flux per plaquette of nφ = P/Q), they are in
particular valid for the KM model. Therefore, we know
that the KM Hamiltonian can be written in the same way
as in Eq. (47), except with a different F (q) function:
H¯s =
∑
q∈BZ
Fs(q) ρ¯qρ¯−q (49)
For an on-site interaction, we simply have Fs(q) =
|ds(q)|2, where |ds(q)|2 is the form factor correspond-
ing to the KM single-particle wave functions. Since we
know these wave functions from Eq. (41), we can use the
definition of the distance given in Eq. (28) to find
Fs(q) = |ds(q)|2
= e−
1
2q
2l2θ3
(
−1
2
(qy − iqx); iNy
2
)2
×θ3
(
−1
2
(qx − iqy); iNy
2
)2
.
(50)
Numerically, we find that the two form factor |dLLL(q)|2
and |ds(q)|2, and therefore the two Hamiltonians H¯c and
H¯s, are very close to each other, but strictly different.
The fact that two different interaction Hamiltoni-
ans can have the same Laughlin wavefunction as their
ground-state manifold is peculiar to the torus and can
easily be explained by looking at the two-particle prob-
lem. On the disk, inside each center-of-mass angular mo-
mentum sector, the two-particle Hamiltonian for the mth
pseudopotential is given by a projector:
HDisk = νm |Ψm〉 〈Ψm| (51)
where |Ψm〉 is the only two-particle state with relative an-
gular momentum m inside the given center-of-mass sec-
tor.
On the torus, inside each center-of-mass KCMy sec-
tor, the two-particle Hamiltonian for a pseudopotential
is given by a sum of two projectors57:
H = νm,1 |Ψm,1〉 〈Ψm,1|+ νm,2 |Ψm,2〉 〈Ψm,2| (52)
with νm,1 ' νm,2. If U is a unitary transformation that
does not mix the space spanned by {|Ψm,1〉 , |Ψm,2〉} and
its complement, then H′ = U†HU will be another Hamil-
tonian with the same many-body zero-energy ground
state. Furthermore, the ground state obviously does not
care about the values of ν1 and ν2 as long as they are
strictly positive. Since an overall multiplicative constant
in front of the Hamiltonian can be disregarded, the rel-
evant parameter is ν2/ν1. We confirmed by a numerical
calculation that Hc and Hs project onto the same two-
dimensional Hilbert space, and we find that they have
a different ratio ν2/ν1. The two Hamiltonians Hc and
Hs therefore have the same zero-energy ground state but
different excitations.
Naturally, since the results of Sec. II apply to the KM
model, we know that its Berry curvature is exactly flat
for our special system size. We should emphasize that
this result is non trivial since the Berry curvature of this
model is not flat for a generic system size.
C. The impossibility of exactly flat Chern bands
with strictly short-ranged hoppings
The following theorem was recently shown47. Only up
to two of the three following criteria can be met simul-
taneously: a model with (1) strictly short range hopping
that exhibits a band that is (2) exactly flat and (3) that
has a non zero Chern number. This is in apparent contra-
diction with our work that shows that the three criteria
can be met simultaneously in the Hofstadter model for
the right system size. There is actually no contradiction
since the theorem was shown for infinite-size systems,
while our analysis only works for strictly finite-size sys-
tems. Nevertheless, since we can reach arbitrarily large
system sizes, our work constitutes somehow a way around
this theorem. We generalize the theorem as follows. Only
10
up to three of the four following critieria can be met si-
multaneously: a model with (1) strictly short range hop-
ping that exhibits a band that is (2) exactly flat and (3)
that has a non zero Chern number and (4) that is defined
on an infinite-size system.
IV. GENERALIZATION
A. The case of |C| > 1
The understanding of the physics of bands with Chern
number one obtained in lattice models is based on the
parallel with Landau levels since they have the same
Chern number. The existence of bands with |C| > 1
in certain lattice models is therefore particularly promis-
ing as it could lead to new phases that are not present
in Landau levels. New FQH-resembling phases were nu-
merically discovered in such bands at filling fractions
ν = 1/(|C| + 1) for bosons and ν = 1/(2|C| + 1) for
fermions7,30–34.
As a reminder, the Chern number C of each band is
given by PC mod Q = 1, where nφ = P/Q with P and
Q coprime. Let us now discuss the case of P > 1, in which
case |C| can be larger than 1. The GMP operators ρ¯q
depend on only one parameter C that we will now write
explicitly: ρ¯
(C)
q . While for the case C = 1 the reference
systems are Landau levels, it is not obvious what the
simplest continuum setting with a Chern |C| > 1 band
is. It was argued in Refs.32,33 that this system is a C-
color quantum Hall system with color-entangled periodic
boundary conditions. Each band of this system is made
of a Nx×Ny BZ of color-entangled basis states |Kx,Ky〉.
In the continuum, it is always possible to choose Nx = 1,
in which case the one-body basis is a set of Ny states
indexed by Ky. In the present language, the Hamiltonian
used in Refs.32,33 is given by:
H¯c =
∑
q∈BZ
F
(C)
LLL(q) ρ¯
(C)
q ρ¯
(C)
−q , (53)
where
F
(C)
LLL(q) = |d(C)LLL(q)|2
=
∑
H
e−
1
2C(q+H)
2l2 (54)
for the 0-th pseudopotential. The difference between C =
1 and |C| > 1 is therefore twofold: (1) the projected
densities obey a C-GMP algebra and (2) the form factor
is transformed according to l2 → Cl2.
The zero-energy ground states of H¯c numerically ob-
tained at filling fraction ν = 1/(|C| + 1) for bosons
and ν = 1/(2|C| + 1) for fermions were baptized color-
entangled Halperin states and were shown to be distinct
from the SU(C)-singlet Halperin state on the torus32,33.
As explained in Sec. II, the projected interaction
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FIG. 5. Form factors for C = 3 in the LLL and lattice
cases. The form factor in the lattice case is given for nearest-
neighbor hopping. The flux density is nφ = 11/32 and Ny =
32. The peaks centered at (±Ny/3,±Ny/3) are too small to
be seen clearly in (b).
Hamiltonian in the lattice case is given by
H¯Lat =
∑
q∈BZ
F
(C)
Lat (q) ρ¯
(C)
q ρ¯
(C)
−q (55)
with F
(C)
Lat (q) = V (q)|d(C)0 (q)|2.
We find again that the only difference between the Hof-
stadter model and the continuum system lies in the dif-
ference between two functions: |d(C)0 (q)|2 and |d(C)LLL(q)|2.
The peculiar thing about the case |C| > 1 is that the two
functions are fundamentally different and this difference
does not vanish in the large Q limit. As can be seen
in Fig. 5, |d(C)LLL(q)|2 is a periodicized Gaussian centered
at (0, 0), while |d(C)0 (q)|2 has, besides the same Gaus-
sian centered at (0, 0), smaller Gaussian peaks centered
at (qx, qy) = (mxNy/C,myNy/C) with mx,my integers.
The difference between the Gaussians centered at (0, 0)
for |d(C)LLL(q)|2 and |d(C)0 (q)|2 goes like 1/Q, but the satel-
lite peaks of |d(C)0 (q)|2 do not vanish in the large Q limit.
These peaks correspond to umklapp terms already dis-
cussed in the C = 2 case in Ref30,56. They are caused
by the rapid oscillation with period C of the solutions
of the Harper equation and are therefore peculiar to the
Hofstadter model. In the case of C = 2, it is possible
to make these peaks approximately vanish by taking a
nearest-neighbor interaction instead of an on-site inter-
action. The interaction potential then becomes
V (q) = 2
(
cos(
qx
Ny
2pi) + cos(
qy
Ny
2pi)
)
, (56)
which makes F
(C)
Lat (q) vanish at (0,±pi) and (±pi, 0), i.e.
the center of the umklapp peaks.
The impact of these umklapp peaks for general C is an
open question that we will address in a future work.
B. Higher bands
We generalize the results of Sec. II to higher bands.
For the 0-th pseudopotential projected to the n-th con-
11
tinuum LL, we have
H¯c ≡ P (n)LL HLLP (n)LL =
∑
q∈BZ
F
(n)
LL (q) ρ¯qρ¯−q (57)
with
F
(n)
LL (q) = |d(n)LL (q)|2
=
∑
H
(
Ln
(
1
2
(q+H)2l2
))2
e−
1
2 (q+H)
2l2
(58)
where Ln is the n-th Laguerre polynomial.
The interaction Hamiltonian projected to the n-th
band of the Hofstadter problem is given by
H¯Lat ≡ P (n)LatHLatP (n)Lat =
∑
q∈BZ
F
(n)
Lat(q) ρ¯qρ¯−q (59)
where F
(n)
Lat(q) = |dn(q)|2 for an on-site interaction. Since
there is no closed analytical formula for |dn(q)|2, it was
computed numerically. We find that the difference be-
tween |dn(q)|2 and|d(n)LL (q)|2 is small and decays like 1/Q:
|dn(q)|2 − |d(n)LL (q)|2 ∝
1
Q
 1 (60)
for n sufficiently smaller than Q/2. This last condition
comes from the fact that the Hofstadter model has Q
bands but the bands n and Q− n are related by a sym-
metry given by (in the case of even Q)
uKy,Q−n(x) = uKy,n(x+Q/2)(−1)x. (61)
The identification of the Hofstatder band index with the
LL index can therefore only work for n < Q/2. Numer-
ically, we find that the difference between the two form
factors increases with n and that the latter identification
ceases to be valid for n & Q/5.
C. Higher pseudo-potentials
We now generalize the results of Sec. II to higher pseu-
dopotentials. The interaction Hamiltonian of the mth
pseudopotential projected to the LLL is given by
H¯c ≡ PLLLHLLLPLLL =
∑
q∈BZ
F
(m)
LLL(q) ρ¯qρ¯−q, (62)
where
F
(m)
LLL(q) =
∑
H
Lm((q+H)2l2)e−
1
2 (q+H)
2l2 . (63)
Like in section II, we can find the lattice interaction
that will lead to the desired Hamiltonian by doing the
following:
V (m)(q) =
F
(m)
LLL(q)
|d0(q)|2 . (64)
−10 0 10
−10
−5
0
5
10  
r
x
 
r y
−1
−0.8
−0.6
−0.4
−0.2
0
0.2
FIG. 6. Lattice interaction V (1)(r) reproducing the m = 1
pseudopotential. The form factor |d0(q)|2 was calculated for
a nearest-neighbor hopping of 1 and a NNN hopping of 0.27.
The plot is given for Ny = 21.
The range of the interaction will typically be of the order
of the magnetic length, which goes like
√
Q.
We give a plot of V (1)(r) in Fig. 6 in the case of Q = 21.
The potential is minimal for r = 0 (it takes a value of−1),
then takes its maximal value of ' 0.3 for nearest neighbor
interaction and finally decreases over a few sites. This
behavior is easily explained by the following argument.
We can focus on the small q behavior, for which we can
forget the sum over H and write
V (m)(q) ' Lm((q)2l2) ≡ 1− q2l2 (65)
since we know that |d0(q)|2 ' e− 12 (q)2l2 for small q.
We can approximate this potential with a simple lattice
interaction by doing the following:
1− q2l2 ' 2 (cos(qxl) + cos(qyl))− 3 (66)
where
qx,yl =
qx,y
Q
2pi
√
Q
2pi
(67)
and qx,y are integers. If we round
√
Q
2pi to the closest
integer r, the interaction potential can be approximated
by
V (x, y) = V0(−3δx,0δy,0
+ δx,−rδy,0 + δx,rδy,0 + δx,0δy,r + δx,0δy,−r).
(68)
This interaction reproduces fairly well the behavior found
numerically in Fig 6, since
√
Q/2pi ' 1.8.
D. Trapping potential
In this section, we discuss the addition to the non inter-
acting Hofstadter model H0 of a periodicized version of a
harmonic trap given by HW =
∑
x,yHW (x, y) |x, y〉 〈x, y|
with
HW (x, y) = −2
(
Wx cos
(
2pi
x
Q
)
+Wy cos
(
2pi
y
Ny
))
.
(69)
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We can write it in terms of unprojected density operators:
HW = −Wx(ρ˜x + ρ˜−x)−Wy(ρ˜y + ρ˜−y). (70)
If Wx and Wy are small enough compared to the
band gap (i.e., compared to t ≡ tx = ty), we can use
degenerate perturbation theory, which at first order in
this case, amounts to diagonalizing HW projected to
each band separately, H¯
(n)
W ≡ PnHWPn. Starting from
H |Ky, n〉 = En |Ky, n〉 at zeroth order, we obtain
(H +HW ) |l, n〉 ' (En + (n)l ) |l, n〉 (71)
where H¯
(n)
W |l, n〉 = (n)l |l, n〉 and (n)l  En with l index-
ing the eigenvalues in ascending order. The trapping po-
tential will therefore give a small dispersion to each band
and rearrange the states inside each band from {|Ky〉}
to {|l〉}.
Now, in order to diagonalize H¯
(n)
W , we should find its
matrix elements in the {|Ky〉} basis. Taking advantage
of the projection of ρ˜q derived in Section II, we find
H¯
(n)
W = −dn(1, 0) (Wx(ρ¯x + ρ¯−x) +Wy(ρ¯y + ρ¯−y)) (72)
where we used tx = ty to write dn(1, 0) = dn(0, 1). In
the case C = 1 and W ≡ Wx = Wy, this leads to an
appealingly symmetric notation:
H0 = −t(Tˆx + Tˆ−x + Tˆy + Tˆ−y)
H¯
(n)
W = −W˜ (Tx + T−x + Ty + T−y)
(73)
where W˜ = Wdn(1, 0).
Interestingly, if we identify the set of |Ky〉 states with
a putative position eigenstate |x˜ = 0, y˜ = Ky〉 on a 1 by
Ny lattice, H¯
(n)
W is a Hofstadter model with a flux per
plaquette of n˜φ = C/Ny and with hoppings given by
t˜x = dn(1, 0)Wx and t˜y = dn(1, 0)Wy since the following
relations
ρ¯y |Ky〉 = |Ky + 1〉
ρ¯x |Ky〉 = e−i
2pi
Ny
CKy |Ky〉
(74)
give effective “hoppings” with the appropriate phase in
this putative real space.
Since, for our system size, Nx = 1, in terms of the pu-
tative real space all the states have x˜ = 0. The boundary
conditions are periodic in the BZ and the “hopping” in
the x direction in momentum space ρ¯x therefore takes
a state to itself, only with a phase chosen according to
the flux density n˜φ. In other words, H¯
(n)
W is a Hofstadter
model with only one vertical unit cell of Ny plaquettes.
As H¯
(n)
W is a Hofstadter Hamiltonian with nearest-
neighbor hopping, its spectrum will also be given by the
Harper equation, just like the initial one-body Hamil-
tonian H0. Higher harmonics in the potential W (x, y)
would correspond to longer-range hopping in the puta-
tive real space.
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FIG. 7. Real space wavefunction of the trapping potential
Hamiltonian eigenstates: |ψl(r)|2 in the case of C = 1 and
Ny = 21.
In the case of P = 1, we also have C = 1, which means
that n˜φ = nφ. In that case, assuming again Wx = Wy,
the splitting of each band is easily found in terms of En,
the spectrum of H0:

(n)
l =
W˜
t
El. (75)
Without surprise, we find numerically that the lattice
real-space wave functions ψl(r) in the lowest band re-
semble the toroidal equivalent of the angular momentum
eigenstates given by ψL(z) ∼ zLe−|z|2/2l2B on the disk
with l = L, as can be seen in Fig. 7. Due to the PBCs,
this identification only works for l < Q/2, since the state
|Q− l〉 is related to the state |l〉 by a translation of the
center by (Ny/2, Ny/2).
We now turn to the case of P > 1, for which |C| > 1
and n˜φ = C/Ny. Typically, we will be interested in the
case of |C| fixed at some relatively small integer and Ny
taken large. The spectrum of Harper’s equation is well
known in this limit: it will tend to equally spaced values
as Ny goes to infinity, like Landau levels in the contin-
uum, except that each of these values will be C times
degenerate. For finite Ny, the values are not exactly
equally spaced and the C degeneracy is only approxi-
mate [see Fig. 8(a)]. Inside one approximately degen-
erate subspace, the C wavefunctions will correspond to
the same value of “angular momentum” L but they will
differ by a C periodicity on the lattice [see Figs. 8(b)–
(d)]. The Hilbert space can then be reinterepreted as
' Ny/C angular momentum values times C different
species. The identification with the disk angular mo-
mentum eigenstates therefore becomes l = CL+σ where
σ = 0, . . . , C−1 is the species index. We recover the well-
known result that the dynamics inside a Chern C band
can be interpreted in terms of C different species7,30,32,33.
The symbol ' was used since Ny is generally not di-
visible by C. As seen in Fig. 8(a), the C degeneracy
becomes worse as l approaches Q/2 and the fact that Ny
is not divisible C is accommodated by a few states near
Q/2 for which the C degeneracy is reduced.
Finally, the fact that a potential in real space gives,
once projected to a given band, a system equivalent to
a magnetic field in momentum space has been reported
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FIG. 8. (a) Normalized spectrum 
(n)
l /W˜ of the trapping po-
tential projected to one band with Chern number C = 3. (b)–
(d) Real-space wavefunction |ψl(r)|2 of the first three eigen-
states, corresponding to L = 0 and σ = 0, 1, 2. The system
size is given by Ny = 32 and the flux density is nφ = 11/32.
in previous work63. In this picture, the Berry curvature
corresponds to the magnetic field in momentum space. A
flat Berry curvature therefore corresponds to a constant
flux density, as we find in our case. Furthermore, the
total flux of this putative magnetic field is obviously given
by the Chern number since we have Ny plaquettes with
a flux per plaquette of n˜φ = C/Ny.
V. CONCLUSION
In conclusion, we have shown that all the bands of the
Hofstadter model with flux density P/Q have an exactly
flat dispersion and Berry curvature when a system size
of Q by Q plaquettes and periodic boundary conditions
are chosen. This constitutes a simple rule for choosing a
particularly advantageous system size when designing a
Hofstadter system whose size is controllable, like a qubit
lattice43 or an optical cavity array44.
We could then calculate the projection of the density
operators to any of the bands. The projected density
operators were shown to obey exactly the same algebra
as in the continuum, the so-called GMP algebra. In a
future work, techniques to estimate the many-body gap
based on this algebra could be transposed to the Hofs-
tadter model: the single-mode approximation35 and the
Hamiltonian theory of composite fermions38,64.
Furthermore, we calculated the lattice interaction
Hamiltonian projected to any of the flat bands and
showed explicitly its relation to pseudopotential Hamil-
tonians projected to a Landau level. We isolated the dif-
ference between these two Hamiltonians to a very simple
quantity: the difference between two real scalar form fac-
tors defined on a Q by Q BZ and giving the “distances”
inside the flat band manifold of states. The only dif-
ference between the lattice and the continuum system is
therefore contained in these “distances” that are shown
to be very similar but not strictly equal. We then gave
the lattice interaction that makes these two Hamiltonians
strictly equal, therefore providing an exact zero-energy
ground state for the Hofstadter model with the latter
interaction.
This work was next discussed at the light of similar
previous results: the Wannier construction for FCIs25,
the Kapit-Mueller model46, and a theorem stating the
impossibility for a strictly short range hopping model to
host Chern bands with an exactly flat dispersion and
Berry curvature47.
Finally, we generalized these results in several ways.
First, we treated the case of higher Chern number, for
which we showed that the difference between the Hofs-
tadter model and its continuum counterpart, embodied in
satellite peaks in the form factor corresponding to umk-
lapp terms, does not vanish in the large Q limit. Second,
we provided a straightforward generalization of our re-
sult to the case of higher bands and pseudopotentials.
We showed that the first few bands of the Hofstadter
model can be identified with the first few Landau levels
and that higher pseudopotentials can be reached by us-
ing longer range lattice interactions. Third, we discussed
the addition of a harmonic trapping potential and exhib-
ited an appealing symmetry of this problem in terms of
a Hofstadter model in momentum space.
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Appendix A: Continuum wave functions sampled on
the lattice
In this Appendix, we derive the expression for the sam-
pled Landau level single-particle wave functions with pe-
riodic boundary conditions. Starting from the continuum
wavefunction given in Eq. (40),
ψcK(x˜, y˜) =
∑
n∈Z
Nx−1∑
m=0
exp
[
i
2pi
Ly
(Ky +mNy + nNφ)y˜
]
×
exp
[
i2pim
Kx
Nx
]
exp
−
(
x˜+ l2(Ky +mNy + nNφ)
2pi
Ly
)2
2l2
 ,
(A1)
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we substitute x˜ = xLx/NxQ and y˜ = yLy/Ny with x, y ∈
Z to obtain
ψcK(x, y) =
∑
n∈Z
Nx−1∑
m=0
exp
[
i2pim
Kx
Nx
]
×
exp
[
i
2pi
Ly
(Ky +mNy + nNφ)
yLy
Ny
]
×
exp
−
(
xLx
NxQ
+ l2(Ky +mNy + nNφ)
2pi
Ly
)2
2l2
 .
(A2)
In the argument of the second exponential, the terms
mNy and nNφ can be discarded since they are mutiples
of i2pi. Replacing l2 by LxLy/2piNφ, the argument of the
third exponential becomes[
−1
2
2pi
Lx
Ly
Ny
Nx
1
Q2
(
x+
Q
Ny
(Ky +mNy + nNφ)
)2]
.
(A3)
Now, if we choose the plaquettes to be squares of side
a, we have
Lx
Ly
Ny
Nx
=
NxQa
Nya
Ny
Nx
= Q. (A4)
We finally obtain
ψsK(x, y) =
∑
n∈Z
Nx−1∑
m=0
exp
[
i
2pi
Ny
Kyy
]
exp
[
i2pim
Kx
Nx
]
×
exp
[
−1
2
2pi
1
Q
(
x+
1
Ny
Q(Ky +mNy + nNφ)
)2]
(A5)
which, by doing the change of variable (m+ nNx)→ m,
is shown to be equal to the expression for the sampled
wavefunctions given in the main text (Eq. 41):
ψsK(x, y) =
∑
m∈Z
exp
[
i
2pi
Ny
Kyy
]
exp
[
i2pim
Kx
Nx
]
×
exp
[
−1
2
2pi
1
Q
(
x+
1
Ny
Q(Ky +mNy)
)2]
.
(A6)
Appendix B: Overlaps of the sampled wavefunctions
In this Appendix, we calculate the overlaps of the sam-
pled wavefunctions given in Eq. 41 and derived in Ap-
pendix A. These overlaps are written as 〈ψsK|ψsK′〉 =∑
z(ψ
s
K(z))
∗ψsK′(z) where ψ
s
K are the sampled contin-
uum wavefunctions, defined for Kx,y = 0, . . . , Nx,y and
given by
ψsK(x, y) =
∑
m∈Z
exp
[
i
2pi
Ny
Kyy
]
exp
[
i2pim
Kx
Nx
]
exp
[
−1
2
2pi
1
Q
(
x+
1
Ny
Q(Ky +mNy)
)2]
.
(B1)
These wavefunctions are Bloch waves:
ψsK(x, y + 1) = ψ
s
K(x, y)e
i 2piNyKy
ψsK(x+Q, y) = ψ
s
K(x, y)e
i2piKxNx .
(B2)
It is therefore clear that 〈ψsK|ψsK′〉 ∝ δKy,K′yδKx,K′x .
Let us now calculate the norm of these states:
N 2(K) = 〈ψsK|ψsK〉 =
∑
x
∑
m∈Z
∑
m′∈Z
exp
[
−i2pimKx
Nx
]
exp
[
−1
2
2pi
1
Q
(
x+
1
Ny
Q(Ky +mNy)
)2]
×
exp
[
i2pim′
Kx
Nx
]
exp
[
−1
2
2pi
1
Q
(
x+
1
Ny
Q(Ky +m
′Ny)
)2]
.
(B3)
From this expression, we can deduce that, in general,
N 2(Kx + 1,Ky) 6= N 2(Kx,Ky) and N 2(Kx,Ky + 1) 6=
N 2(Kx,Ky). Nevertheless, in the particular case of Nx =
1, Ny = Q, this expression becomes
N 2(K) = 〈ψsK|ψsK〉 =
∑
x
∑
m∈Z
∑
m′∈Z
exp
[
−1
2
2pi
1
Q
(x+ (Ky +mNy))
2
]
×
exp
[
−1
2
2pi
1
Q
(x+ (Ky +m
′Ny))
2
] (B4)
which clearly does not depend on Ky since one can always
translate the sum over x. Since for Nx = 1, all the states
have the same Kx, this means that, in this particular
case, all the states have the same norm.
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